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Abstract
We give the expansion of the magnetic field, to third order, around a helical trajectory. The

explicit expressions are suitable for the case of constant curvature and torsion.
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I. INTRODUCTION

We first recall the Frenet-Serret equations for a general curvilinear coordinate system
(x,y,8). In a Cartesian LAB-frame of reference (X,Y,Z), the reference trajectory in our
problem is given parametrically by the vector z,(s) and for any other particle trajectory

close to the reference one by

Z(s) = zy(s) + wey + ye, (1)

where s is the arc length on the reference trajectory and x, y are the particle deviations from

the reference path. We define e€; = g—j = %Z;”, €y = g—f , €y = g—j . The Frenet-Serret equations
read,

de, . .

E = Tey + h@s

de, . .

d—sy = —Té, + gé, (2)

de; . .

g5 = —heg — ge,

7 is the torsion of the reference path and h g are the curvature in the horizontal and vertical
planes respectively.

The covariant metric tensor is defined as

1 0 —TY
Gik, = €i-€} = 0 1 T (3)
—1y v H? + 7%(2% + 9?)

with H = 14 hz + gy. The arc length do = g;dzids® = da? — 21y dx ds + dy? + 27x dy ds +
(H? 4+ 7%(2* + y?))ds?, notice that the system is not orthogonal. Next we have to calculate
the contravariant tensor ¢** satisfying the condition g;,¢g" = (5{ . The expression of ¢ is
H? + %2 —120y TY
, 1
ik

g- = —7rlvy  H?*+ 7% —72 B (4)

TY —Tx 1

Notice that the Det(g**) = H2.



II. CYLINDRICAL HELIX

A helix is defined by the equations

X(s) = RCOS(\/R?L—I—Z)?)
Y (s) = Rsin(

VTR ©)
bs
C VRT®

where X (s),Y (s), Z(s) are cartesian coordinates in the LAB-frame of reference and R is the
radius and b the period of the helical reference trajectory.
Using the notation z,(s) = X(s)i + Y(s)j + Z(s)k and the definition of the tangential

unit vector €; given before, we obtain

s - s o -
€y = —sin 0 sin ——=———=1 + sin  cos ——=——==7 + cos 0k (6)

recalling that €, and e, are perpendicular to each other, we conclude

- S e . S -2
€r = —COS ——==i — SINl ———
R+ N
S — S — —
€y = €080 sin ———=1i — cos cos ———=7 + sin bk (7)

R? 4 b2 vV R? + b?
Using the Frenet-Serret equations and recalling that ¢ = 0 for a helical trajectory, then
h = —RQLEHQ T = R%&-b? for the curvature and torsion respectively. Furthermore, we can

write the relation between field components ( we denote B; the cartesian components in the

LAB-frame)

B, = —B cos; — By sin;

s 5 :
Vi Bs cos b cos Vi + Bssinf (8)

s s
B, = —B;sinf sin ——— + Bysinf cos ———
' VEZ+ VR 12

B, = Bjcos# sin

+ B3 cosf



III. MAGNETIC FIELD

From the Lorentz equation Z—f =q (17 X E) is not hard to shown that

q
h=—-——9"B(0,0s
q
g = Boc 0,0,S (9)
o] P20 0:9)
q
T = B,(0,0,s
o] 200 9)

As customary we assume an scalar magnetic potential of the form ®(z,y,s) =

T 9,M . .
> nm Anm(8) 5% In this general coordinate system

B = —grad(®) = —g Dk (10)
- 1 (OHB, O0HB, OHB
div(B) = — z Y *1=0 11
iv(B) H ( ox * y + 0s ) (11)
The explicit expression of the magnetic field components are:
H? + 724200 12y 0® 7y 0P
B = v i 12
T2yr 0® H? + 7122200 11 0D
B = — —_—t = —— 13
S H? 8x+ H? oy H? 0s (13)
0P 0P 1 0P
Bs(x7y7s> = ﬂi_ﬁi—i_ (14)

H?9x H?0y H?0s
Using the same notation as in [1], in third order, the magnetic field is given by ( we use the
da

notation 9 = a)
S

. ) ) 1
B.(x,y,5) & aig + wag + y [a11 + Taoo] + 2y {GQI — 72ag; + Ta10 — QThaoo} + 5562@30 +

2 [1 2 : . 1,
Yy {20012 + 7710 + Tap1 — 279(100] + 633 aqo +

1 1
z’y {2%1 + 3rh%ago — T2an + 27°hag; + §Td20 - 27hd10] +

1 )
zy? {Zazz + 7%ag — 27%hayg — T agy + 277 gae + Ta1 — 27gae — 27hdag; + 67}19@00} +

(15)

1 1 . ) .
y3 {6a13 + T2a11 — 27’2ga10 + 57'(102 — 279001 + 37’92%0



. . . 1
By(z,y,s) ~ an + yao2 + x [a11 — Taoo) + vy [Cm — 72419 — Tag1 + 27gago| + 592%3 +
1
2 §a21 + T2ag; — Ty + 27hag

1 o 2 . o 2 2 o 1 . .
a13 — 379 ago — T a1 + 27°gag 276102 + 27gag1| +

1 3
X —|—6ya04+

.Iyz 9

1
I‘Qy |:2a,22 — T2CL20 + 272ha10 + TQCLOQ — 2729a01 — lel + 27'h(l01 + 27’9&10 — 6Thgd,00:| +

1 1
ZE3 |:66L31 + 726L11 — 2T2ha01 - 57'&20 + 2Thd10 - 37']12(.100] (16>

By(z,y,s) = oo + x [—Tagr + a0 — 2hago] + y [Taro + ao — 29a00] +

o [ 1, . 5. 9 1, .
x” |—=Tay + 2Thag + 520 ~ 2hayg + 3h7ago| +y° |Tan — 2Tgaig + 502 — 2gap;+

3ggd00] —I— Ty [TCLQO — 27’h6L10 — Tap2 + 27’9@01 + dll — Qha(n — 29&10 + 6hga00] +

1 1 .
.’L‘3 —57'@21 + QThCLH — 37h2a01 + 6&30 - hagg + 3h2a10 — 4h3d00] +

1 1. . ) )
Yy |37z — 27gay; + 37g% a0 + § 03 — gdoz + 3g%ao — 4936%00} +
1 1
Jf2y 57’&30 — 2’7’h6L20 + 37’]’L26L10 — TQ12 + 27'ha02 + 2TgCL11 — 67'hga01 + 5(.121 - 2hd11—
gaso + 3h*agr + 6hgarg — 12h29a00} +

Tl 1
xy2 _57%3 + 27gags; — 37’g2ao1 + Tagy — 27gasy — 27hay, + 67hgayy + §d12 — 2ga11—

hégy + 39 @10 + 6hgae — 1292ha00} (17)

Following references [I] and [2] we assume we know, measured, the field components in the
horizontal plane, i.e B,(z,0,s) = ag + a1@ + asx® + azz® + ... By(z,0,s) = by + bz + baz? +
b3z + ... where we have used the notation a,_; = (n—1)!ang b, = nla,, for the normal

and skew multipoles, respectively. Eq. [11]is equivalent to the following conditions for the 6



unknowns up to third order in the magnetic field (ag, @12, aos, @22, aos, @13)

Qo2 + agy = —doo — haio — gao

ayp + azy = —2hagy — gayy + T2ay — TGagy — 1o + higo — hage + 27ag:

Qo3 + ag1 = —hay + Tha — 2gags — gasy + T2ag — 2710 + Gy — dor

Q9o + a9 = —3hazy — gas + 27'2ga01 — 2Tga10 — 272hayy — 2haiy — AThag, +

272090 — 27%agy — 4711 + 4Thgagy + 2hing — 2h3 gy — dao

Qo4 + a2 = —has — 2gas + 272hayy — 3gags — 272090 + 27%agy + 27hao, — 27’29a01 —
AThgagy — 411 + AT gang — doz + 2gior — 2¢%doo

a13 + az; = —2hasy — 2gas — 272hag, — 27’29&10 + 37hay — 3T7gag —
27h2Ga0o + 27 Goo + 472 a11 — 2T asg + 2Tage — hags — gasy +

hagi + gaio — 2hgagy — an

The fields are identical to those in reference [I] (notice minor typos) after setting a;p = 0

and g =71 =0.
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